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ABSTRACT 
t 
METHODOLOGY FOR SYNTHESIS AND OPTIMIZATION OF DIFFUSION PATTERNS I N  
FLOW SYSTEMS 
This a n a l y t i c  study used a genera l i za t i on  o f  Reichardt 's  hypothesis by 
Alexander, Baron & Comings t o  develop a u n i f i e d  treatment f o r  the syn- 
thes is  of  d i f f u s i o n  pa t te rns  f o r  mass, heat and momentum. The technique 
was app l ied  f o r  co-planar and co-axia l  f lows,  t o  a study o f  the e f f e c t s  
o f  i n i t i a l  f l u x  d i s t r i b u t i o n  and o u t l e t  shape on d i f f u s i o n  pa t te rns ;  and 
t o  shal low submerged o u t l e t s .  Four simple approximations t o  the P- funct ion,  
invoTving on ly  exponential  and e r r o r  func t ions ,  were found t o  represent f l u x  
d i s t r i b u t i o n s  downstream from a c i r c u l a r  j e t  o f  f i n i t e  s i z e  a t  a l l  po in t s  
between the nozzle and i n f i n i t y .  
The r e s u l t s  may be app l ied  i n  the study and design o f  discharge o u t l e t s ,  
syphon sp i l lways ,  hyd rau l i c  breakwaters and d i f f u s i o n  o f  t race rs  i n  
s t  reams and penstocks . 
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NOTAT l ON 
The f o l  lowing symbols are used i n  t h i s  repo r t :  
a  = 6 1 6  times s ide  of  e q u i l a t e r a l  t r i a n g u l a r  nozzle 
A = constant o f  p r o p o r t i o n a l i t y ,  Eq. 5 
A. = e f f l u x  area o f  j e t  
by = general j e t  w id th  parameter 
b  = j e t  w id th  parameter f o r  momentum f l u x ,  o r  ho r i zon ta l  dimension 
o f  rectangular  nozzle 
B = constant o f  p r o p o r t i o n a l i t y ,  Eq. 7 
c  = s p e c i f i c  heat o f  f l u i d  
P 
= general spreading c o e f f i c i e n t  
C = spreading c o e f f i c i e n t  f o r  momentum f l u x  
d  = v e r t i c a l  dimension o f  rectangular  nozzle 
DE = equ iva len t  diameter f o r  non-c i rcu la r  nozzle 
D = diameter o f  nozzle o r  he igh t  o f  s l o t  
f ( ~ , ~ )  = func t i on  o f  x  and y ,  Eq. 4 
f ( n )  = func t i on  o f  n, Eq. 62 
~ ( z )  = func t i on  o f  z, ~ q .  56 
G ( ~ )  = func t i on  o f  n ,  Eq. 60 
g(s)  = s t rength  o f  1 ine  source j e t ,  Eq. 2  
- - 
u u  
H(&, 2) = func t i on  def ined by Eq. 23 
" 1  " 1  
l o ( r )  = modif ied Bessel func t ion ,  argument r 
j = exponent o r  c o e f f i c i e n t ;  j = 0  f o r  plane-symmetry; j = 1 
f o r  a x i a l  symmetry 
k = constant,  Table 1 
'm 
= c h a r a c t e r i s t i c  length, Eq. 20 
- .  
m = subsc r i p t  deno t ing  a x i a l  va lues,  except  f o r  Rm and xm 
n = exponent, Eq. 5 
o  = s u b s c r i p t  deno t ing  e f f l u x  va lue,  except f o r  x  
0 
p = dummy v a r i a b l e ,  Eq. 47 
2 P ( X  1 2 , ~ )  = non-cent ra l  ch i -square probabi  1 i t y  f unc t i on ,  wi t h  two degrees 
of  freedom and n o n - c e n t r a l i t y  parameter X 
P (x2 1v) = ch i  -square probabi 1 i t y  f u n c t i o n  w i  t h  v  degrees o f  freedom 
P ( R , ~ )  = P- funct ion,  Eq. 65 and Eq. 66 
P " ( R , ~ )  = normal i zed  P- func t ion ,  Eq. 67 
2 
r = 2ys/(cYx) i n  Eq. 38, o r  argument o f  P-funct i on  = f iy/(cYx) 
R = argument o f  P - f unc t i on  = D/(E cyx) 
s  = r a d i a l  p o l a r  co -o rd ina te  i n  p l ane  o f  nozz le  d ischarge  o r  rectan-  
g u l a r  co -o rd ina te  i n  y  d i r e c t i o n  i n  p lane  o f  s l o t  d ischarge  
t = dummy v a r i a b l e ,  Eq. 46 
, 
u  = instantaneous v e l o c i t y  i n  x - d i r e c t i o n  
u '  = f l u c t u a t i o n  from t ime mean va lue  o f  u  
U 1  = v e l o c i t y  o f  co -ax ia l  o r  co-p lanar  f l o w  
v  = instantaneous v e l o c i t y  i n  y - d i r e c t i o n  
t h 
w = concent ra t ion  o f  i component; mass pe r  u n i t  f l u i d  mass i 
x = co-o rd ina te  i n  d i r e c t i o n  o f  j e t  a x i s  
x  = measured va lue o f  x  
m 
x  = va lue o f  x  a t  which maximum f l u x  reaches f r e e  su r f ace  
S 
x  = zero  c o r r e c t i o n  o r  o r i g i n  s h i f t  f o r  x  
0 
y  = co-o rd ina te  normal t o  s l o t  edge f o r  p lane  symmetry; r a d i a l  
co -o rd ina te  f o r  a x i a l  symmetry; l a t e r a l  r ec tangu la r  co -o rd ina te  
f o r  sha l low submerged j e t  
z  = v e r t i c a l  r ec tangu la r  co -o rd ina te  
z  = v e r t i c a l  submergence o f  nozz le  c e n t e r l i n e  below f r e e  su r f ace  
0 
= v e r t i c a l  co -o rd ina te  o f  maximum f l u x  
'm - .  
v i i i  
6 = increment 
T-I = dimensionless v e r t i c a l  d i s tance ,  Eq. 57 
8 = smal l  angu la r  d e f l e c t i o n  o f  j e t  
e l  = temperature d i f f e r e n c e  f rom ambient a t  a p o i n t  i n  t he  f l u i d  
A = non-cen t ra l  i t y  parameter f o r  non-cen t ra l  ch i  -square probabi  1 i t y  
f unc t i on ,  = 2 y 2 / ( ~ y 2 x 2 )  
v = degrees o f  freedom f o r  ch i -square  p r o b a b i l i t y  f u n c t i o n ,  Eq. 30 
p = f l u i d  d e n s i t y  
X2= argument o f  non-cen t ra l  ch i -square  d i s t r i b u t i o n ,  Eq. 27 
Y = pw. f o r  mass f l u x ;  = pCpel f o r  hea t  f l u x ;  = pu f o r  momentum f l u x .  
I 
I . l NTRODUCT l ON 
1  Prev ious research by t he  p r i n c i p a l  i n v e s t i g a t o r  (1,2,3) has 
examined techniques f o r  t he  a n a l y s i s  o f  j e t  f l o w  p a t t e r n s  i n f l uenced  by 
va r i ous  boundary cond i t i ons .  A  g e n e r a l i z a t i o n  o f  Re i cha rd t ' s  (4) hypoth- 
es i s  by Alexander,  Baron & Comings (5)  p e r m i t t e d  s o l u t i o n s  t o  be ob ta ined  
f o r  complex f l o w  pa t t e rns .  Moreover, d i f f u s i o n  o f  momentun, mass and 
hea t  f l u x  cou ld  be analyzed i n  a  u n i f i e d  manner. V e l o c i t y  d i s t r i b u t i o n s  
cou ld  be r e a d i l y  p r e d i c t e d  f rom the  momentum f l u x  s o l u t i o n s  by n e g l e c t i n g  
a x i a l  t u r b u l e n t  v e l o c i t y  f l u c t u a t i o n s .  O f  p a r t i c u l a r  re levance t o  t he  
present  i n v e s t i g a t i o n  was a  technique f o r  t he  de te rm ina t i on  o f  t he  i n f l u -  
ence o f  f i n i t e  nozz le  s i z e  on t he  f l u x  p a t t e r n  j u s t  downstream from a  j e t  
nozz le .  The i n i t i a l  un i f o rm  d i s t r i b u t i o n  a t  t he  nozz le  mouth was repre-  
sented as a  d i s t r i b u t i o n  o f  i n f i n i t e s i m a l  p o i n t  j e t  sources o f  f l u x  o f  
equal s t r eng th .  Th i s  l e d  t o  s o l u t i o n s  which cou ld  be approximated us ing  
r e a d i l y  a v a i l a b l e  s t a t i s t i c a l  t ab les .  A  l o g i c a l  ex tens ion  o f  t h i s  work i s  
t o  examine t he  p o s s i b i l i t y  of  reproducing p resc r i bed  f l u x  pa t t e rns ,  such 
as migh t  e x i s t  i n  r i v e r  channels o r  penstocks, by us ing  d i s t r i b u t i o n s  o f  
p o i n t  o r  l i n e  source j e t s  o f  unequal s t r eng th .  By i n t r o d u c i n g  t he  concept 
o f  image sources o f  "negat ive f l ux "  t he re  i s  t he  p o s s i b i l i t y  t h a t  f l u x  
p a t t e r n s  near s o l i d  boundaries cou ld  be s imulated.  The use o f  image source 
o f  p o s i t i v e  f l u x  had proved successfu l  i n  p r e d i c t i n g  t he  i n f l u e n c e  o f  a  
f r ee  su r f ace  on f l u x  p a t t e r n s  f o r  sha l low submerged j e t s  ( 2 ) .  The d i f f u s i o n  
o f  "nega t i ve  f l u x "  i n t o  t he  r e a l  f l ow  f i e l d  cou ld  accommodate the  added conc 
s t r a i n t  t h a t  momentum f l u x  i s  n o t  conserved near a  s o l i d  boundary. 
' ~ u m e r a l s  - inpareritheses r e f e r  t o  corresponding i tems i n  L i s t  o f  References. 
The i n i t i a l  o b j e c t i v e  o f  the  present  i n v e s t i g a t i o n  was the re fo re  
t o  i nves t i ga te  methods f o r  syn thes iz ing  l oga r i t hm ic  o r  power law p r o f i l e s  
us ing d i s t r i b u t i o n s  o f  l i n e  o r  p o i n t  sources o f  f l u x  o f  d i f f e r e n t  s t reng th  
as a  bas ic  b u i l d i n g  block. The r e s u l t s  o f  t h a t  i n v e s t i g a t i o n  are presented 
i n  the  f o l l o w i n g  sect ion.  
Distribution of Infinitesimal Jets 7"r +* 
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I  I .  TECHNIQUES FOR PROFILE SYNTHESIS 
With reference t o  Fig. 1 the momentum f l u x  a t  ( x , ~ )  due t o  an 
- 
2 
elementary 1 i ne  source j e t  o f  s t rength  (pu ) o  and area = (6s x I ) ,  located 
a t  (0,s) i s  g iven by (3) 
L e t t i n g  
4 
t o  i n d i c a t e  t h a t  the s t rength  o f  a l i n e  source j e t  i s  a func t ion  of  i t s  
pos i t i on ,  the  f l u x  downstream from a d i s t r i b u t i o n  o f  l i n e  source j e t s  i s  
then obtained by i n t e g r a t i o n  o f  Eq. 1 
- 
1 pu2 = - g (s) exp [ - ( ~ - s ) ~ / ( c x ) ~ I ~ s  
J;; Cx I -. 
Herein p = f l u i d  densi ty ;  u = instantaneous v e l o c i t y  i n  the  x 
d i r e c t i o n ;  x = co-ord inate para1 l e l  t o  the boundary; y = co-ord inate normal 
t o  the boundary; C = spreading c o e f f i c i e n t  fot- momentum f l u x ;  s = dummy 
v a r i a b l e  along the y-ax is ;  bars denote t ime averages; alnd o = subsc r ip t  
r e f e r r i n g  t o  values a t  x = 0. 
- 
From Eq. 3 pu2 i s  seen t o  be a func t i on  o f  x and y. Useful  so lu-  
- 
t ions w i  11  be those f o r  which pu2 i s  independent o f  x. Eq. 3 may be w r i t t e n  
The b a s i c  problem i s  t o  s o l v e  Eq.  4 f o r  g ( s )  when f ( x , y )  i s  p re -  
s c r i b e d  and independent o f  x. Var ious methods f o r  accompl ish ing t h i s  were 
i nves t i ga ted ,  i n c l u d i n g  F o u r i e r  Transforms (6 )  and B i  l a t e r a l  Lap lace Trans- 
forms (7 ) .  I n  a d d i t i o n  va r ious  forms o f  g ( s )  were assumed and t h e  cor res -  
ponding f ( ~ , ~ )  eva lua ted  us ing  Eq. 4. 
For  f u l l y  developed f lows  near a  r i g i d  boundary a  power law 
d i s t r i b u t i o n  o f  v e l o c i t y  may be assumed. 
i n  which A i s  a  cons tan t  o f  p r o p o r t i o n a l i t y  and t he  n  i n  t h e  exponent may 
assume va r i ous  va lues depending on t h e  Reynolds number. (n  g e n e r a l l y  l i e s  
between 6  and 10) (8 ) .  I f  i t  i s  assumed t h a t  t h e  e f f e c t  o f  t h e  l o n g i t u d i n a l  
f l u c t u a t i o n s  o f  v e l o c i t y ,  u '  may be neg lec ted  
Then, f o r  cons tan t  dens i t y  
i n  which B i s  a  new cons tan t  o f  p r o p o r t i o n a l i t y .  Eq.  4 then becomes 
The s o l u t i o n  o f  Eq. 6 was i n v e s t i g a t e d  f o r  a l l  p o s i t i v e  i n t e g e r  
values o f  n. No f i n i t e  s o l u t i o n s  cou ld  be found f o r  n  2 3, which i n  e f f e c t  
e l i m i n a t e s  those s o l u t i o n s  which would be o f  p r a c t i c a l  i n t e r e s t .  The so lu -  
t i o n s  f o r  n  = 1 and n  = 2 may be r e a d i l y  v e r i f i e d  by s u b s t i t u t i o n  i n  Eq. 8 
so t h a t  none o f  the  mathematics used w i l l  be d e t a i l e d  here. Table  I sum- 
marizes s o l u t i o n s  which were found. 
From Table  1 i t  i s  seen t h a t  o n l y  the  s i m p l e s t  t r ans fo rma t i on  
g ( s )  = ks y i e l d s  a  momentum f l u x  d i s t r i b u t i o n  which i s  independent o f  x. 
*The method t h e r e f o r e  ho lds  1  i t t l e  promise f o r  s i m u l a t i n g  f l u x  p a t t e r n s  which 
do n o t  spread. I n  v iew o f  t h i s  t he  emphasis d u r i n g  t h e  remainder o f  t h e  
i n v e s t i g a t i o n  was p laced on syn thes i z i ng  f l u x  p a t t e r n s  which do spread. 
1 TABLE I - The Transformation f ( x , ~ )  = - 
a x  -m 
k = constant 
, 
f 0 % ~ )  
P 
ky 
kY 
k erf(&) 
n ! 1 n-26 
- (Y) 226 Cx 6=0 (n-26) ! 6 !  
n N = -  
2 ' for  n even 
n- 1 
= -  
2 , f o r  n odd 
2 2 C x k e ~ p ( ~ )  s inh y 
2 2 C x k exp (--r) cosh y 
2 2 C x k exp - ) s i n  y 
2 2 C x k exp ( -  -r) cosy 
g(s)  
k s 
2 2 2 C x  
k (s  - -) 2 
k,  s 2 0  
-k, S s 0 1 
k s inh  s 
k cosh s 
k s i n  s 
k cos s 
I l l .  FLUX SOURCES I N  CO-AXIAL AND CO-PLANAR FLOWS 
One problem i n  which spreading does occur  i s  t h a t  f o r  which a  
source o f  momentum f l u x  l i e s  i n  a  co-ax ia l  o r  co-p lanar  f low.  Such a  s i t -  
u a t i o n  e x i s t s  where, f o r  example, t r a c e r s  a re  i n j e c t e d  i n t o  penstocks t o  
pe rm i t  -- i n  s i t u  c a l i b r a t i o n  o f  t u rb i nes  i n  h y d r o e l e c t r i c  p l a n t s  d u r i n g  
acceptance t e s t s .  Var ious i n v e s t i g a t o r s  (9, 10, 1 1  , 12) have co l  l e c t e d  
da ta  on t he  d i f f u s i o n  o f  momentum when j e t s  o f  f l u i d  a re  i n j e c t e d  i n t o  
co-p lanar  o r  co -ax ia l  f lows. Such data lends i t s e l f  t o  ana l ys i s  by t he  
method o f  syn thes i s  used here. 
The b a s i c  equa t ion  f o r  t h i s  method i s  (2, 3) 
i n  which j = 0  f o r  p lane symmetry and j = 1 f o r  a x i a l  symmetry. For mass 
f l u x ,  Y = pwi, i n  which p = f l u i d  d e n s i t y  and wi = concen t ra t i on  o f  t he  i t h  
component expressed as mass per  u n i t  mass o f  f l u i d ;  f o r  heat  f l u x ,  Y = pcpq, 
i n  which c  = s p e c i f i c  heat  o f  the  f l u i d  and 8 , =  temperature d i f f e r e n c e  f rom 
P  
ambient a t  a  p o i n t  i n  the  f 1 u i d ; f o r  momentum f l u x ,  Y = pu. by = a  general  
j e t  w id th  parameter. For an i n f i n i t e s i m a l  j e t  
i n  which C y  i s  constant  and i s  c a l l e d  the  spread c o e f f i c i e n t .  For momentum 
f l u x  C y  = C'. 
The bas i c  equat ion f o r  momentum f l u x  w i t h  constant dens i ty  i s  (2, 3) 
i n  which v  = the instantaneous v e l o c i t y  p a r a l l e l  t o  the y -ax is  i n  rectangular  
co-ordinates and i n  the r a d i a l  d i r e c t i o n  f o r  c y l i n d r i c a l  co-ordinates. 
The l a t e r a l  d i s t r i b u t i o n  f o r  a  p o i n t  o r  1 ine  source o f  f l u x  a t  any 
g i  ven x  can be shown t o  be (2, 3) 
- 
'Yu 
-=  
2  
exp [-(y/by) I 
( a m  
i n  which the  subsc r ip t  m re fe rs  t o  the value on the ax is .  The corresponding 
a x i a l  d i s t r i b u t i o n  o f  f l u x  i s  
i n  which A. = area o f  a  s l o t  o f  u n i t  w id th  f o r  j = 0,or = area o f  a  c i r c u l a r  
o r i f i c e  f o r  j = 1 .  
The a x i a l  d i s t r i b u t i o n  o f  f l u x  f o r  a  j e t  o f  f i n i t e  s i z e  can then be 
shown by synthesis  t o  be (2, 3) 
mm D 
- = e r f  (-1 f o r  plane symmetry 
( m o  2Cyx 
D 2  
= 1 - exp [-(-I I f o r  a x i a l  symmetry 
For a j e t  i n  a co-axia l  o r  co-planar stream w i t h  un i fo rm v e l o c i t y  
U1, performing an i n t e g r a t i o n  normal t o  the  ax i s  over an area which extends 
t o  yo > b, i t  can be shown, us ing  an argument s i m i l a r  t o  t h a t  presented by 
Naudascher (13) t h a t  Eq.  9 impl ies tha t :  
Fol lowing the  same procedure w i t h  Eq.  1 1  f o r  the momentum f l u x  y i e l d s :  
Hence, f o r  co-ax ia l  o r  co-planar j e t  f lows 
From Eq. 12 
p u (u-U1) 
= exp [ -  ( Y / ~ ) ~ I  
[p u (u-u I 1 )  m 
Assuming tha t  p i s  constant and t h a t  p u r 2  may be neglected t h i s  
reduces t o  
Naudascher . (1  3) def ined a c h a r a c t e r i s t i c  length  
S u b s t i t u t i n g  Eq. (19) i n  Eq.  (20) i t  fo l lows t h a t  
I n  F ig.  3 o f  Ref. 13, Naudascher has i n  e f f e c t  presented a p l o t  
f o r  Eq.  13 compared w i t h  data by Ortega (1 1) f o r  an axisymmetric j e t  i n  a 
co-axia l  f i e l d  f o r  12 s x / D  ~ 9 6  and obta ined good agreement. No data are  
shown c lose r  t o  the nozzle than 12 diameters so t h a t  the p o i n t  source model 
o f  Eq.  19 can be expected t o  p rov ide  good c o r r e l a t i o n .  
v 
Bradbury (12) has presented measurements i n  a s l o t  j e t  i n  a co- 
p 
p lanar  f i e l d .  From Eq. 14, again assuming n e g l i g i b l e  pu12 and constant p 
- 
u m (Tm-u1) D 
- 
= e r f  - 
u 0 (U0-u1) 2Cx 
This may be converted t o  the form: 
X 
- = -  I [a rc  e r f ' .  
D 2C 
Moreover, from Eq. 13 

Combining Eq. 22 and Eq. 24 
D D 
- = & e r f  - b 2Cx 
Fig.  2  shows a comparison o f  Eq. 23 and 25 w i t h  Bradbury 's  data 
w i t h  C = 0.064 and xo/D = -0.72. Note t h a t  x  r e f e r s  t o  the  measured va lue  
m 
o f  x  and x  t o  t h e  zero c o r r e c t i o n  such t h a t  
0 
I n  F ig .  6 o f  Ref. 14, Naudascher has, again,  i n  e f f e c t  presented 
a , p l o t  o f  Eq. 19 compared w i t h  data by C u r t e t  and Ricou (10) f o r  an axisym- 
m e t r i c  j e t  i n  a  co -ax ia l  f i e l d  f o r  5 5 x/D 5 45. I n  t h i s  case good agreement 
was ob ta ined  f o r  10 5 x/D 5 45, as would be' expected f o r  t he  p o i n t  source 
model o f  Eq. 19. C o r r e l a t i o n  f o r  x/D = 5 was poor.  An improved model which 
takes i n t o  account the f i n i t e  s i z e  o f  t he  j e t  nozz le  i s  g i ven  (2, 3) by t he  
cumulat ive d i s t r i b u t i o n  f u n c t i o n  o f t h e  non-cent ra l  ch i -square  d i s t r i b u t i o n  
2 2 2 
w i t h  two degrees o f  freedom and non-cen t ra l  i t y  parameter 2y / ( c  x  ) . Y 
L e t t i n g  
Th is  may be w r i t t e n  
One o f  t he  ava i  l a b l e  approximat ions t o  t he  non-cent ra l  c h i  -square 
d i s t r i b u t i o n  i s  the  ch i -square approx imat ion w i t h  v degrees o f  freedom. 
Eqs. 28 may be w r i t t e n  
i n  which t he  q u a n t i t y  on the  r i g h t  hand s i d e  i s  a ch i -square d i s t r i b u t i o n  
f u n c t i o n  w i t h  
Hence, f o r  t he  ax isymmetr ic  f l o w  case considered here, us ing  Eq. 17 
1 
and aga in  assuming p = constant  and t h a t  pu12 may be neg lec ted  
Moreover, t he  a x i a l  f l u x  d i s t r i b u t i o n  i s  g iven  by Eq. 14 as 
Th i s  may be w r i t t e n  as 
Thus, a p l o t  o f  x/D versus the  bracketed r o o t  on t he  r igh t -hand  s i d e  o f  
Eq. 3 3  should be l i n e a r .  I t s  s lope  w i l l  determine C and t he  i n t e r c e p t  
-. 


on the  x/D a x i s  w i l l  determine the zero  c o r r e c t i o n ,  x o / D  F ig .  3 shows such 
a p l o t  o f  two se ts  o f  a x i a l  da ta  by C u r t e t  and Ricou (10) taken from Table 2 
o f  Ref. 14. Both C and x  a r e  seen t o  depend on u /U 
0 0 1' 
- 
Transverse da ta  f o r  x  /D = 5, uo/Ul = 3.72 were taken f rom Fig.  5 
m 
o f  Ref. 14. From a l e a s t  squares f i t  o f  t he  corresponding a x i a l  data shown 
i n  F ig .  3 he re in ,  C = 0.040 and xo/D = -0.90. Using these va lues the  c h i -  
square approx imat ion t o  the l a t e r a l  d i s t r i b u t i o n  was computed and i s  compared 
w i t h  t he  da ta  i n  F ig .  4. Whi le agreement i s  n o t  p e r f e c t  the  c o r r e l a t i o n  shows 
s u b s t a n t i a l  improvement over  t h a t  ob ta ined  i n  F ig .  6 o f  Ref. 14. I t  should 
be noted t h a t  the  development o f  Eq.  31 assumes a un i f o rm  d i s t r i b u t i o n  o f  f l u x  
across t he  j e t  nozz le .  The e f f e c t s  o f  non-un i fo rmi ty  o f  t h i s  d i s t r i b u t i o n  a re  
cons idered  i n  t he  nex t  sec t i on .  
I V .  EFFECT OF INITIAL FLUX DISTRIBUTION 
Theo re t i ca l  s t ud ies  on j e t  f l o w  g e n e r a l l y  assume t h a t  d ischarge 
o r  f l u x  a t  t he  o u t l e t  i s  u n i f o r m l y  d i s t r i b u t e d .  I n  most exper imenta l  s t ud ies  
care i s  taken t o  make cond i t i ons  a t  the  o u t l e t  as un i f o rm  as poss ib l e .  Th i s  
may n o t  be e n t i r e l y  r e a l i s t i c  f o r  a p p l i c a t i o n  i n  water  resources problems 
e.g. d ischarge  from the  submerged end o f  a  l ong  condu i t ,  i n  which t he  boundary 
l a y e r  has become f u l l y  developed, w i l l  c e r t a i n l y  n o t  be un i form.  I t  i s  gen- . 
e r a l l y  assumed t h a t ,  w i t h i n  a  reasonable d i s tance  downstream from the  o u t l e t  
t he  d i f f u s i o n  p a t t e r n  w i l l  no t  be much i n f l uenced  by t he  i n i t i a l  d i s t r i b u t i o n .  
The problem does n o t  appear, however, t o  have been s y s t e m a t i c a l l y  i nves t i ga ted .  
The method o f  syn thes is  used h e r e i n  o f f e r s  a  convenient  means o f  i n v e s t i g a t i n g  
t h i s  e f f e c t .  
Para1 l e l  t o  t he  l/7-power law f o r  v e l o c i t y  d i s t r i b u t i o n  assume a  
f l u x  d i s t r i b u t i o n  g iven by 
U f o r  0  5 s  5 
f o r  bo th  a  plane-symmetr ic o u t l e t  o f  h e i g h t  D and an ax isymmetr ic  o u t l e t  o f  
diameter D. The s u b s c r i p t  m r e f e r s  t o  t he  a x i a l  value. D e f i n i n g  t he  s p a t i a l  
mean va lue  o f  (Yu) as 
0 
w i t h  A. = area o f  s l o t  per  u n i t  l eng th  o r  area o f  o r i f i c e .  Then 
F I ~ , ,  5 - Effect of I n i t l a 1  Flux Dlst r lbut ion on Downstream Lateral  
Flux Dlstr lbut lon of a Plane-Symmetric F l o w  
~olj 31~awwAslxy ue 40 uolanqlJasla xnlj 
loJaae1 wooJasuMoa uo uolanq1'~asla xnlj lolalul jo a3ejjj - 9 '61j 
S~olj 3!~1awuAs!xv pue -aueld ~oj uo!lnq!~ls!a 
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The d i s t r i b u t i o n  o f  f l u x  downstream f rom a  j e t  o f  f i n i t e  s i z e  i s  
then g iven  by (2, 3)  
S u b s t i t u t i o n  o f  Eq. 36 i n t o  Eq.  37 y i e l d s ,  a f t e r  some man ipu la t i on  
- 
1 - Yu 
-- 8s j 18 
- -
1 j' 2s 2/7 y-s 2 
m0 ( G C ~ X )  j+l ~ X P  [-(-I C ~ x  I f s  exp ( - r )  I ( r )  ~j ds (38) 0 
i n  which r = 2 y s / ( ~  x ) ~  and I ( r )  i s  a  mod i f i ed  Bessel f unc t i on .  Y 0 
The i n t e g r a l s  i n  E q .  38 cannot be expressed i n  c losed  form. They 
were eva lua ted  numer i ca l l y  and the  r e s u l t s  a r e  p l o t t e d  i n  F ig .  5, F ig .  6 
and F ig .  7. F i g .  5 and F ig .  6 show the  l a t e r a l  f l u x  d i s t r i b u t i o n s  i n  compar- 
i son  w i t h  those f o r  a  un i f o rm  e f f l u x .  F i g .  7  compares t he  l o n g i t u d i n a l  a x i a l  
f l u x  d i s t r i b u t i o n s  w i t h  those o f  f i n i t e  nozzles w i t h  un i f o rm  e f f l u x e s  and 
w i t h  those f o r  p o i n t  and l i n e  source j e t s .  I t  i s  seen t h a t ,  f o r  Cyx/D 2 1.0 
t he  l a t e r a l  f l u x  d i s t r i b u t i o n s  a re  v i r t u a l l y  independent o f  t he  d i s t r i b u t i o n  
a t  t h e  o u t l e t .  For  Cyx/D r 1.5 bo th  f l u x  p a t t e r n s  a re  i n d i s t i n g u i s h a b l e  from 
those f o r  p o i n t  o r  l i n e  source j e t s .  
V.  EFFECT OF OUTLET SHAPE 
Eq. 37 may a l s o  be used t o  determine whether o r  no t  t he  shape 
o f  t he  o u t l e t  has any s i g n i f i c a n t  i n f l u e n c e  on t he  downstream d i s t r i b u t i o n  
f l u x .  I n  v iew o f  t he  r e s u l t s  i n  t h e  l a s t  s e c t i o n  t he  problem may be s i m p l i -  
f i e d  by assuming t h a t  t he  f l u x  d i s t r i b u t i o n  across t he  o u t l e t  i s  un i form.  
For t he  purposes o f  t h i s  ana l ys i s  t he  y-co o r d i n a t e  w i l l  be h o r i z o n t a l  and 
normal t o  t h e  l o n g i t u d i n a l  a x i s  o f  symmetry, x;  t he  z-co o r d i n a t e  w i l l  be 
v e r t i c a l  and normal t o  t h e  x -ax i s .  The v a r i a b l e s  s  and t w i l l  be dummy 
v a r i a b l e s  i n  t he  y  and z  d i r e c t i o n s  respec t i ve l y .  
Consider a  r ec tangu la r  o u t l e t  o f  h o r i z o n t a l  dimension b  and 
v e r t i c a l  dimension d. L e t  the o r i g i n  o f  co-ord inates be a t  the  cen te r  o f  
t he  rec tang le .  Then 
and 
b  b  
w i t h  - - 5 s  5- and - - d  2 2 2 2 '  5 t 5 - S u b s t i t u t i n g  Eq. 39 and Eq. 40 i n t o  
Eq. 37 g ives ,  a f t e r  some man ipu la t ion  
Then, al'ong t he  a x i s  o f  symmetry (x ,  0, 0) 
( m  m 
-= 
b d 
e r f  (-) e r f  (-1 
( m  2Cyx 2Cyx 
Using a s e r i e s  expansion o f  Eq. 42 i t  i s  r e a d i l y  shown, t h a t  
f o r  l a r g e  values o f  x  
I n t r oduc ing  the  equ i va len t  diameter 
Eq. 43 becomes i d e n t i c a l  t o  t he  d i s t r i b u t i o n  f o r  a  p o i n t  source j e t  (2,  3) 
The same r e s u l t  would, o f  course, app ly  t o  a  square o u t l e t ,  which 
i s  a  speci  a1 case o f  t he  rec tangu la r  s o l u t i o n  (b=d) . 
Next, cons ider  an e q u i l a t e r a l  t r i a n g l e ,  o f  s i d e  2 6  a, w i t h  the  
o r i g i n  o f  co-ord inates a t  i t s  cen te r  o f  area and i t s  v e r t e x  a t  (0, 0, 2a) 
Eq. 37 g ives  
Along t h e  x-ax is  
C ~ x  1  2a 2  
e r f  [- (- - p ) l  exp (-p dp 
a  
- -  
6 CrX 
C ~ x  
For l a r g e  va 1 ues o f  x  expans i o n  o f  Eq. 47 g i ves  
Again i n t r o d u c i n g  the  equ i va len t  diameter 
Eq. 49 reduces t o  Eq. 45, i d e n t i c a l  t o  t he  p o i n t  source j e t .  
Eq. 41 and Eq. 47 have been eva lua ted  f o r  rec tang les  o f  d i f f e r e n t  
aspect  r a t i o s  (b/d) and f o r  t he  e q u i l a t e r a l  t r i a n g l e  and the  r e s u l t s  a re  
l i s t e d  i n  Table 2. I t  i s  seen t h a t  f o r  values o f  Cyx/DE > 5  a l l  t h e  a x i a l  
d i s t r i b u t i o n s  a r e  i d e n t i c a l  t o  t h a t  f o r  a  p o i n t  source j e t .  For momentum 
f l u x  a  t y p i c a l  va lue  o f  C i s  about0.08. Thus a x i a l  momentum f l u x  d i s t r i -  
bu t i ons  beyond 63 diameters downstream f rom the  o u t l e t  would n o t  be af fected 
by t he  shape o f  the  o u t l e t .  From F ig .  7 i t  i s  seen t h a t  t he  e f f e c t  of  a  
non-uni form d i s t r i b u t i o n  o f  i n i t i a l  f l u x  would be d i s s i p a t e d  much c l o s e r  t o  
the  o u t l e t .  
1 TABLE 2 - EFFECT OF OUTLET SHAPE ON AXIAL FLUX 
Cylx 
-
E 
0.10 
0.20 
0.30 
0.40 
0.50 
0.75 
1 .OO 
1.50 
2.00 
3.00 
3.50 
4.00 
5.00 
Value o f  (%m/(iiG)o 
P o i n t  
Source 
Jet 
- 
- 
- 
- 
1.000 
0.444 
0.250 
0.111 
0.063 
0.028 
0.020 
0.016 
0.010 
C i  r c u l a r  
J e t  
1 .OOO 
0.998 
0.938 
0.790 
0.632 
0.359 
0.221 
0.105 
0.061 
0.027 
0.020 
0.016 
0.010 
Rectangular 
J e t  
b/d=O.l o r  10 
0.952 
0.678 
0.491 
0.380 
0.308 
0.207 
0.150 
0.086 
0.054 
0.026 
0.019 
0.015 
0.010 
Rectangular 
J e t  
b/d=0.2 o r  5 
0.995 
0 839 
0.650 
0.51 6 
0.423 
0.273 
0.185 
0.096 
0.058 
0.027 
0.020 
0.015 
0.010 
Equi l a t e r a l  
T r i a n g u l a r  
J e t  
1.000 
0.991 
0. 900 
0.747 
0.599 
0.347 
0.216 
0.104 
0.061 
0.027 
0.026 
0.016 
0.010 
Square 
J e t  
b/d = 1 
1 .OOO 
0.997 
0.928 
0.779 
0.624 
0.356 
0.220 
0.105 
0.061 
0.027 
0.020 
0.016 
0.010 
V I .  SHALLOW SUBMERGED SLOT OUTLETS 
John, Mahajan & Kanbour (15) r e c e n t l y  pub1 ished da ta  on f low 
and temperature pa t t e rns  downstream f rom a s l o t  s e t  a t  va r ious  sha 1 low 
submergences a t  t he  end o f  a narrow channel. I n  Ref. 2 an a n a l y t i c  
model was developed f o r  momentum f l u x  p a t t e r n s  downstream f rom a sha l low 
submerged c i r c u l a r  j e t  s e t  a t  va r ious  smal 1 angu la r  dev ia t i ons  f rom t h e  
h o r i z o n t a l .  The same techniques can be used t o  develop a more general  
model f o r  momentum, mass and hea t  f l u x  downstream f rom bo th  ax i -symmetr ic  
and plane-symmetric p o i n t  o r  l i n e  source j e t  o u t l e t s .  
From Eq. 12, w i t h  by = C x,  the  f l u x  d i s t r i b u t i o n s  a re  g i ven  Y 
4~ (2, 3 )  
- 
Yu 
- = exp [ - ( & I  
( r n m  CYX 
i n  which y i s  a general  co -o rd ina te  f o r  ax i -symmetr ic  and p lane  symmetric 
f l ows .  
For a j e t  w i t h  a smal l  i n i t i a l  upward d e f l e c t i o n ,  8, the  mathe- 
mat ics  may be cons iderab ly  s i m p l i f i e d  by making the  approx imat ion 
i n  which 
w i t h  z = d is tance o f  j e t  below z = 0, w i t h  z p o s i t i v e  downwards; y i s  the 
0 
l a t e r a l  co-ordinate. This approximate model cannot be expected t o  apply 
f o r  x > zo/O. 
Moreover, from Eq. 13 
For no f l u x  across the f ree  sur face (which would r e s t r i c t  the 
a p p l i c a t i o n  i n  the case o f  heat f l u x  t o  s i t u a t i o n s  where t h i s  would be a 
v a l i d  approximation) an image j e t  i s  placed equ id i s tan t  above the surface 
t o  cancel the v e r t i c a l  f l u x  when z = 0. The combination then gives 
j y2+ ( z ~ + z - ~ x )  2 
+ exp [ -  2 I 1  
c:x 
A f t e r  some manipulat ion t h i s  may be w r i t t e n  
- 1 - j  j+l z -ex 2 Yu 
-= 
D 
- ( )  exp [- j  (J-)21 exp 1- (o) I F(z) 
( r n  0 K CYX CYX 
i n  which 
The l o c a t i o n  -. o f  the maximum f l u x  i s  obtained by s e t t i n g  z = 0 i n  Eq.  55 
and maximizing E / ( m o  w i t h  respect t o  z. This y i e l d s  i d e n t i c a l  r e s u l t s  
r e s u l t s  f o r  axi-symmetric and plane symmetric f lows, namely w i t h  
i 
1 w i t h  zm = the v e r t i c a l  co-ordinate o f  the maximum f l u x .  
Z 
n = tanh 2 1 
Subs t i t u t i on  o f  E q .  58 i n t o  E q .  65 then y i e l d s ,  a f t e r  some 
manipulat ion 
I 
i n  which 
1 '  
1 
As n becomes very small ( the  maximum f l u x  approaches the f ree  
I sur face)  E q .  58 may be s i m p l i f i e d  t o  
J 
I 
I i n  which x i s  the value o f  x  f o r  which z = 0. Note t h a t  f o r  the usual 
S m 
i 
1 range o f  values of Cy small values of 9 have a la rge inf luence on xS. 
5 ,  
L e t t i n g  
2 1 /2 
= (n a r c  tanh n 1. 
man ipu la t ion  o f  E q .  57 and E q .  58 y i e l d s  
and 
i 
Since 0 l i e s  between 0 and 1, s e l e c t i o n  o f  va r ious  values o f  
n between these l i m i t s  f o r  s p e c i f i e d  values o f  C x and 8 w i l l  pe rm i t  Y' 0 
computat ion o f  the  locus o f  the f i l a m e n t  o f  maximum f l u x  us ing  Eq.  62, 
E q .  63 and E q .  64. 
John, Mahajan and Kanbour (15) p l o t  the  decay o f  maximum v e l o c i t y  
i n  t he  downstream d i r e c t i o n  f o r  a submerged j e t  i n  a narrow channel i n  
F ig .  9 o f  Ref. 15. Us ing t h i s  p l o t  the  spread c o e f f i c i e n t  f o r  momentum 
f l u x  i s  es t imated  t o  be C S 0.101. Moreover, f rom F ig .  8 f o r  x/D = 240 
C may be est imated t o  l i e  between 0.094 and 0.104. From F ig .  3 o f  Ref. 15 
t he  i n i t i a l  behavior  o f  the  f i l a m e n t  o f  maximum f l u x  i n d i c a t e s  t h a t  8 = 0. 
For convenience, assuming a va lue  o f  C t 0.1, E q .  61 i nd i ca tes  t h a t  
Xs/zo = 14.14 f o r  a l l  submergences. Th is  i s  i n  r a d i c a l  disagreement w i t h  
the  data i n  F ig .  3 o f  Ref. 15 f rom which xS/zO = 2.50, 2.00, 2.00, 1.67 
and 1.50 f o r  s l o t  submergences z /D = 16, 32, 48 and 96 r e s p e c t i v e l y .  
0 
Such gross dlsagreement i s  s u r p r i s i n g  i n  v iew o f  the  r e l a t i v e l y  good 
agreement f o r  the shal low submerged c i r c u l a r  j e t  (2) .  The explanat ion,  
however, may be found i n  the t e x t  o f  Ref. 15, which s ta tes :  
It .... . Th is  means t h a t  some o f  the  f l u i d  i s  trapped i n  a 
region bounded by the w a l l  con ta in ing  the  s l o t ,  the  f r e e  sur face and the 
upper per iphery  o f  t h e j e t .  This  w i l l  s e t  up v o r t i c e s  i n  the surrounding 
f l u i d .  Owing t o  the  back f l ow  and the  v o r t i c e s  se t  up i n  the  region, the  
pressure w i l l  be considerably lower above the  j e t  than below the j e t ,  and 
hence, as a r e s u l t  t he re  wi 1 1  be a ne t  1 i f t  fo rce  which w i l l  cause the j e t  
t o  d e f l e c t  (as a whole) towards the f r e e  surface." 
That the l i f t  fo rce  described had considerable in f luence i s  sub- 
s t a n t i a t e d  by the f a c t  t h a t  John, Mahajan and Kanbour found t h a t  the  f i l a -  
ment o f  maximum f l u x  was the same, whether the e f f l u e n t  was a t  the  same 
+ 
0 temperature as the rece i v ing  water o r  a t  a temperature 50 h igher  f o r  
submergences less than zo/D = 120. ( ~ e f e r  t o  F ig.  3 o f  Ref. 15.) 
Although s i m i l a r  backf low behavior was observed f o r  the  shal low 
submerged c i r c u l a r  j e t  ( I ) ,  the reduct ion  o f  pressure above the  j e t  could 
be r e l i e v e d  by f low o f  water i n t o  the  reg ion  from the sides. One might 
expect there fore ,  t h a t  the  ana lys is  g iven here might apply w e l l  t o  the 
cen t ra l  p o r t i o n  o f  a long s l o t  o u t l e t  w i t h  no s i d e  boundaries t o  r e s t r a i n  
l a t e r a l  i n f l o w  i n t o  the reg ion  above the  j e t .  Such a s i t u a t i o n  would more 
r e a l i s t i c a l l y  represent the  cond i t ions  near the  o u t l e t  from a thermal power 
s t a t i o n .  Some caut ion  should be exerc ised i n  i n t e r p r e t i n g  r e s u l t s  c o l l e c t e d  
i n  narrow labora tory  channels f o r  a p p l i c a t i o n  t o  such pro to type s i t u a t i o n s .  
I t  i s  very l i k e l y ,  t h a t  i n  the absence o f  l a t e r a l  r e s t r a i n t  on the  f low the  
l i f t  e f f e c t  on the  j e t  would be s u b s t a n t i a l l y  reduced and the  buoyancy 
e f f e c t  f o r  a heated e f f l u e n t  would be o f  much greater  importance than the 
observat ions o f  Ref. 15 would ind ica te .  On the  o ther  hand cons t ruc t i on  o f  
l a t e r a l  w ing w a l l s  t o  c u t  o f f  l a t e r a l  f l ows  migh t  be considered f o r  
prototypes.  
I f  one i s  w i l l i n g  t o  modi fy  t h e  momentum spreading c o e f f i c i e n t  and 
the  o r i g i n  c o r r e c t i o n  t o  account f o r  the  l i f t  f o r c e  p resen t  i n  the  Ref. 15 
r e s u l t s  s u b s t a n t i a l  agreement can be ach ieved  between t he  data and 
Eq. 61, Eq. 62, Eq. 63 and Eq. 64. Th i s  i n  e f f e c t  presumes t h a t  two d i f -  
f e r e n t  spreading c o e f f i c i e n t s  w i l l  apply  and i s  o f  ques t ionab le  v a l  i d i t y .  
The r e s u l t s  o f  s u c h ' a  m o d i f i c a t i o n  a re  summarized i n  Table 3 and F ig .  8. 
I n  v iew o f  t he  doub t f u l  v a l i d i t y  o f  t h i s  procedure no at tempt  was made t o  
model t h e  temperature da ta  o f  Ref. 15 us ing  t he  p resen t  a n a l y t i c  model. 
The da ta  p o i n t s  shown i n  F ig .  8 a r e  f o r  bo th  the  heated and unheated j e t  
a t  each submergence. 
TABLE 3 - QUASI-MOMENTUM FLUX COEFFICIENTS AND ZERO 
CORRECTIONS FOR SHALLOW SLOT JET DATA 
F ig .  8 - F i lament  o f  Maximum F lux  f o r  Heated and Unheated 
L a t e r a l l y  Conf ined Shal low Submerged S l o t  Je t s  
V I I .  THE P-FUNCTION APPLIED TO AXISYMMETRIC FLOWS 
For a  c i r c u l a r  nozz le  o u t l e t  o f  f i n i t e  s i ze ,  hav ing a un i f o rm  
d i s t r i b u t i o n  o f  i n i t i a l  f l u x ,  Eq. 37 g ives  the  f l u x  d i s t r i b u t i o n  (2, 3, 5) 
exp [ - (y2+s2-2ys 9 9 cos V)  I 
sdsd y  
i n  which (s,  y )  i s  a  system o f  p o l a r  co -o rd ina tes  i n  the  p lane  o f  t he  nozz le  
d ischarge and D = nozz le  diameter.  
As noted e a r l i e r  t h i s  i s  t he  cumula t i ve  d i s t r i b u t i o n  f u n c t i o n  o f  
t 
t he  non-cent ra l  ch i -square d i s t r i b u t i o n  f o r  which the  ch i -square,  t he  f i r s t -  
norma 1 and t he  second-norma 1 approximat ions can be used (2,33) . 
H. H. Germond (16) used t h i s  same i n t e g r a l  i n  m i l i t a r y  coverage 
problems t o  determine the  p r o b a b i l i t y  t h a t  a  m i s s i l e  w i l l  h i t  a  c i r c l e  o f  
s p e c i f i e d  rad ius  i f - i t  i s  aimed a t  a  p o i n t  a  s p e c i f i e d  d i s tance  f rom the  
cen te r  o f  t h e  c i r c l e  and i f  i t  i s  s u b j e c t  t o  a  Gaussian probabi 1 i t y  
impact law o f  u n i t  s tandard dev ia t ion :  o r  t o  determine the  p r o b a b i l i t y  
t h a t  a  m i s s i l e  aimed a t  a  p o i n t  a  s p e c i f i e d  d i s tance  f rom a g iven  p o i n t  
w i l l  h i t  w i t h i n  a  s p e c i f i e d  d i s tance  o f  t h a t  p o i n t .  He r e f e r r e d  t o  t he  
i n t e g r a l  as the " c i  r c u l a r  coverage f unc t i on "  and presented a s e t  o f  tab les .  
i t  has a l s o  been c a l l e d  the  " o f f - s e t  c i r c u l a r  p r o b a b i l i t y  f unc t i on "  (17).  
Masters (1 7) ca l  l e d  the  same i n t e g r a l  the  llP-furrctionl', P(R, .r) , 
and discussed i t s  mathematical p r o p e r t i e s  and i t s  a p p l i c a t i o n  t o  problems 
, , 
o f  m u l t i p l e  s c a t t e r i n g  and c l a s s i c a l  d i f f u s i o n  theory.  Hence, i n  Masters 
I! palelnqel pue 
(J 'H) ,,d ' uo! l~unj-d paz! LeurJou aql pau !jap os le (L 1) s-lalsew 'P 

. , 
For R < 0.4 t he  va lues o f  P ( R ,  r )  a r e  g iven  by t he  Car l  t on  
approx imat ion (16) 
and 
P(R, r )  % R: exp [- r2/ ( 2 + ~ ~ / 2 )  1 
pi: (R, r )  w exp [ -  r2/ ( 2 + ~ ~ / 2 )  1 (74) 
Other a v a i  1 a b l e  approximat ions a r e  the  ch i  -square, and t he  f i r s t  
and second normal approximat ions (1  8) . These approximat ions were appl  ied  
t o  j e t  momentum f l u x  data i n  Ref. 2 and Ref. 3. The ch i -square approx i -  
mat ion was found t o  p rov ide  enough d i s c r e t e  p o i n t s  t o  adequately descr ibe  
the  f l u x  d i s t r i b u t i o n  f o r  values o f  R > 3. I t  i s  thus a p p l i c a b l e  i n  the  
same range as t he  Masters '  approximat i on  g i ven  by Eq. 72. The Masters '  
approx imat ion i s ,  however, much s imp le r  t o  compute and g i ves  a cont inuous 
rep resen ta t i on  o f  t he  d i s t r i b u t i o n .  I t s  a p p l i c a t i o n  t o  ax isymmetr ic  j e t  
momentum f l u x  d i s t r i b u t i o n s  i s  i l l u s t r a t e d  i n  F ig .  9 us ing  t he  same da ta  
by Alexander e t  a1 ( 5 )  amployed w i t h  t h e  ch i -square approx imat ion i n  Ref. 2 
and Ref. 3. The f i r s t  and second normal approx imat ions which a re  ted ious 
t o  compute cou ld  be a p p l i e d  over  t he  range 0 < R < a. T h e i r  a p p l i c a t i o n  
i n  t he  range 1.01 < R < 3 was i l l u s t r a t e d  i n  Ref. 2 and Ref. 3 where i t  
was found t h a t  t he  f i r s t  normal approx imat ion worked bes t  f o r  low values of  
r / R  and the  second normal f o r  h i g h  values o f  r / R ,  t he  d i v i s i o n  between t he  
two a p p l i c a t i o n s  depending on R. The reader may r e f e r  t o  F ig .  5 o f  Ref. 2 
o r  F ig .  4 o f  Ref. 3 f o r  c l a r i f i c a t i o n  o f  t h i s  p o i n t .  Because o f  t he  ted ious 
-. 
na tu re  o f  t he  computations f o r  t he  f i r s t  and second normal approximat ions 
-E; 
use o f  tab les  (16, 17) f o r  the  P and P func t ions  o r  o f  o ther  approxima- 
t ions i s  p re ferab le .  
I n  Ref. 2  and Ref. 3 a  much more useful  approximation was obtained 
which was app l i cab le  a t  a l l  po in t s  downstream from the p o t e n t i a l  core. 
Since Eq.  72 ind ica tes  t h a t  P*(R, r )  .ir P(R ,  r )  f o r  R > 3 the  l i m i t  R = 3 
e v i d e n t l y  represents the end o f  the  p o t e n t i a l  core. Hence, i n  the range 
0  < R < 3 the f o l l o w i n g  approximation i s  app l i cab le  
-1. r 6  . R ~  
P" (R, r )  = exp [- ( i i )  { 1 -exp (-T) I ]
and 
Not ing t h a t ,  f o r  R < 0.4 
Eq. 75 and Eq. 76 are read1 l y  shown t o  reduce t o  the Car l  ton approximation 
f o r  R < 0.4. Moreover, as R approaches zero ( x  becomes very la rge)  the 
Car l ton  approximation approaches the s o l u t i o n  f o r  the p o i n t  source j e t  
and 
The approximation given by Eq. 75 and Eq. 76 has been i l l u s -  
t r a t e d  i n  Ref. 2 and Ref. 3 fo r  the range 1 < R < 3. 
.I 
The a v a i l a b l e  approximations t o  the P and P" func t ions  are 
summarized i n  Table 4. The approximations recommended f o r  ease o f  
computation i n  the various ranges are summarized i n  Table 5. O f  course, 
as an a l t e r n a t i v e  t o  any o f  these approximations the tab les  (16, 17) f o r  
.I 
the P and P" func t ions  may be used. 
, 
Approximation 
Masters approximation 
;k 1 r- R 
P ( R , ~ )  = P (R,r) = T[ l -er f ( - ) ]  
JT 
Chi-square approximation 
V 
- - 1  R 2 v  - -  1 
~ ( R , r ) = [ 2 ~ r ( : ) ]  I t e ~ p ( - ~ ) d t  t 
0 
2 2 
w i t h  v = (2+r 
2(1+r2) 
F i r s t  normal approximation (smal l  r/R) 
2 113 
2+ r 
I/& 5 = [ ( J 7 )  - l + -  9 v 
Second normal approximation (1 arge r/R) 
2 1 /2 2v R 1 /2 5 =  [--I - [2v-11 
2+ r 
w i t h  v de f ined above 
5 
P ( R , ~ )  = - 2 I exp( - t  / 2 )d t  
J21; -rn 
Maxwell approximat ion  
* 2 2 
P (R,r) = exp[-(;) €1-exp(-R /2)11 
2 P(R,r) = [ I -exp(-R /2 ) ]  P * ( R , ~ )  
Carl  ton approximation 
2 2 PR(R,r) = exp[ - r  /(2+R /2)1 
R2 P " ( R , ~ )  P(R,r) = - 
2+R2/2 
Po in t  source approximation 
* 2 
P (R,r) = exp( - r  /2) 
R2 * 
P ( R , ~ )  = P (R,r) 
Range ~f 
R 
3 < R < W  
3 R 
O < R < r n  
O < R < 3  
0 < R < 0.4 
R + O  
app 1 i cat  ion 
Cyx/D 
0 < C,x/D < 0.236 
' " O ' < C y x / D < 0 . 2 3 6  
0 < Cyx/D < rn 
0.2'36 < Cgx/D < 
1.768 < Cyx/D < rn 
Cyx/D + 
- 

V I I I .  SUMMARY, CONCLUSIONS AND APPLICATIONS 
Attempts t o  adapt t he  method o f  syn thes is  based on a  genera l -  
i z a t i o n  o f  Re i cha rd t ' s  hypothes is  t o  descr ibe  f l u x  p r o f i l e s  near f i x e d  
boundaries were unsuccessful .  They a r e  descr ibed i n  Sec t ion  I I  o f  the 
repo r t .  Consequently, emphasis was p laced  on syn thes i z i ng  d i f f u s i o n  
p a t t e r n s  away f rom f i x e d  boundaries. These inc luded co-ax ia l  and co- 
p l a n a r  f laws,  d i f f u s i o n  p a t t e r n s  downstream f rom o u t l e t s  o f  d i f f e r e n t  
shapes, t he  e f f e c t  o f  the i n i t i a l  d i s t r i b u t i o n  o f  f l u x  a t  an o u t l e t  on 
the  downstream f l u x  pa t t e rns ,  shal low submergence e f f e c t s  on f lows f rom 
two-dimensional s l o t s  and use of  the  P - func t i on  t o  model ax isymmetr ic  
f l u x  pa t t e rns .  
4 
The method o f  syn thes is  cou ld  be s u c c e s s f u l l y  a p p l i e d  i n  model- 
l i n g  co -ax ia l  and co-p lanar  f lows.  I t  i s ,  t he re fo re ,  a  p romis ing  t o o l  
f o r  p r e d i c t i n g  t he  d i f f u s i o n  o f  t r ace rs  i n  penstocks, f o r  example. 
The e f f e c t  o f  i n i t i a l  non-uni form d i s t r i b u t i o n s  o f  f l u x  were 
found t o  be damped ou t  downstream f rom c i r c u l a r  and s l o t  o u t l e t s  f o r  
Cyx/D > 1.5. For example, f o r  momentum f l u x  and c i r c u l a r  o u t l e t s ,  
Cr s 0.08. Thus the e f f e c t s  a r e  i n d i s t i n g u i s h a b l e  beyond about l g  
diameters downstream f rom the  p o i n t  o f  e f f l u x .  The e f f e c t  o f  o u t l e t  shape 
was found t o  be much more p e r s i s t e n t ,  ex tend ing  t o  about 63 equ i va len t  
diameters f o r  the shapes considered. Th is  would i n d i c a t e ,  t h a t  i n  mod i fy ing  
o u t l e t s  t o  achieve des i red  d i f f u s i o n  p a t t e r n s  g rea te r  emphasis should be 
p laced  i n  e x p l o r i n g  v a r i a t i o n s  i n  o u t l e t  c ross-sec t iana l  shape r a t h e r  than 
i n  mod i f y i ng  the  condu i t  geometry upstream from the o u t l e t  t o  ach ieve any 
p a r t i c u l a r  f l u x  d i s t r i b u t i o n  a t  the p o i n t  o f  discharge. 
- .  
' b  
! j 
Although the method o f  synthesis  had been found t o  p rov ide  good 
p red i c t i ons  f o r  momentum f l u x  d i s t r i b u t i o n s  downstream from a shal low sub- 
i merged c i r c u l a r  o u t l e t  i t  was found t o  be i n  subs tan t i a l  disagreement w i t h  I 
r ecen t l y  publ ished labora tory  data f o r  a shal low submerged s l o t  placed 
1 across the end o f  a narrow channel. A vo r tex  was trapped i n  the region 
above the e f f l u e n t  per iphery,  c rea t i ng  negat ive pressures which drew the 
j e t  up t o  the f r e e  surface much more r a p i d l y  than was pred ic ted  by the 
theory. The e f f e c t  was s u f f i c i e n t l y  g rea t  t o  ove r r i de  any e f f e c t s  due t o  
dens i ty  d i f ference between the e f f l u e n t  and the ambient f l u i d .  For sub- 
mergences up t o  96 times the he igh t  o f  the s l o t  there was no subs tan t i a l  
d i f f e r e n c e  i n  the behavior o f  an e f f l u e n t  50 FO above ambient, and one a t  
i 4 ambient temperature. The theory could be expected t o  p rov ide  agreement 
w i t h  data f o r  a s i t u a t i o n  i n  which f l u i d  could center  the reg ion  above the 
I j e t  from the sides t o  re1 ieve the lowered pressures created by the trapped 
vor tex.  The comparison ind ica tes ,  however, t h a t  e f f l u e n t s  from thermal 
power p lan ts  could be made t o  r i s e  t o  the sur face much more r a p i d l y  by us ing  
wing-wal ls extending i n t o  the lake o r  r e s e r v o i r  i n  combination w t i h  s l o t  
o u t l e t s  t o  insure t h a t  a vor tex  would be trapped above the emerging e f f l e u n t .  
I 
I This same p r i n c i p l e  could be app l ied  i n  the design o f  ocean out -  
I f a l l s  t o  i n h i b i t  the e f f l u e n t  from r i s i n g  t o  the surface. By us ing a long 
narrow s l o t  o u t l e t  w i t h  wing w a l l s  a vo r tex  could be trapped between the 
! lower per iphery o f  the e f f l u e n t  and the bed causing the e f f l u e n t  t o  adhere 
1 
t o  the bed f o r  some dis tance before r i s i n g  t o  the surface. 
I t  should be noted a l s o  t h a t  the a n a l y t i c  model based on the method 
o f  synthesis  ind ica tes  t h a t  very small i n i t i a l  angles o f  i n c l i n a t i o n  of  the 
o u t l e t  have l a rge  = f f e c t s  on f l u x  pa t te rns  f o r  shal low submerged o u t l e t s ,  
F i n a l l y ,  f ou r  simple approximations t o  the P- funct ion,  i nvo l v ing  
on l y  exponential  and e r r o r  func t ions ,  were found. Using these the mass, 
heat o r  momentum f l u x  d i s t r i b u t i o n  downstream from a c i r c u l a r  o u t l e t  o f  
i 
,I f i n i t e  s i z e  w i t h  an i n i t i a l l y  un i fo rm f l u x  d i s t r i b u t i o n  can be r a p d i l y  
I computed a t  a l l  po in t s  between the nozzle and i n f i n i t y .  
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